Section 12 is a glossary which summarizes the special terms and notations which this paper introduces.
2. Kinds of trees. Steiner minimal trees are difficult to find because a tree having locally minimum length need not have the absolutely minimum length. For instance, the tree of By the topology of a tree we shall mean a connection matrix, or any equivalent description, specifying which pairs of points from the list A1 ,A2 , * * X An S1 , S2, * * * have a connecting line. Thus the topology specifies connec- It is convenient to restrict the search for a relatively minimal tree to trees having no lines of zero length. As a result certain given topologies may have no relatively minimal tree. Suppose, for example, that A1 had been much closer to A4, and A2 had been, much closer to A3 in Fig. 1 . In that case one would approach a minimum for the topology of Fig. la by letting the Steiner points come arbitrarily close. The limiting tree which one approaches will be called a degenerate tree; it is really a relatively minimal tree for a different topology (having one Steiner point connected to all four Ai in this example). In general to split a vertex V one disconnects two or more of the lines at V and connects them instead to a Steiner point V', located near V and connected to V by an extra line. After splitting it may happen, as in the case of Fig. id , that displacing V' away from V shortens the tree. If no small perturbation shortens a tree, even when splitting is allowed, then the tree is called a Steiner tree. Figures la and lb are Steiner trees. A Steiner minimal tree is always a Steiner tree, and a Steiner tree is always a relatively minimal tree foi its topology.
A Steiner minimal tree is a minimal tree for all its vertices A1, ,An S) S2, * * *-, but the same need not be true for relatively minimal trees ( Fig. lc) nor even for Steiner trees. Indeed, one can achieve local minima of these two kinds by means of trees in which lines cross; a minimal tree cannot have crossing lines.
Relatively minimal trees have two useful properties. First of all, ?4 will show that at most one relatively minimal tree exists for a given set Al, A2, * * * and a given topology. Secondly, ?6 describes a construction (due to Melzak [12] ) for the relatively minimal tree if it exists. Elementary considerations (?3.3 and ?3.4) restiict the topology of a Steiner minimal tree to a finite set of possibilities which ?7 enumerates. Thus the Steiner minimal tree may be obtained by constructing one relatively minimal tree for each topology. Unfortunately there are thousands of topologies to consider even when n = 6. Most of them are obviously poor possibilities; ?8 gives criteria which rule out some topologies immediately.
3. Basic properties. This section collects together some elementary facts about the Steiner minimal tree problem. Many of these results are known but scattered in the literature. We obtain concise proofs of the known results as suggested by arguments from mechanics.
3.1. Mechanics. A tree will be interpreted as a mechanical system in which the potential energy is a sum of distances between adjacent vertices. Such a mechanical system is in stable equilibrium when the tree attains a relatively minimum length. For example, one may imagine lines of the tree to be elastic bands with the unusual property of having unit tension regardless of how much they are stretched. The points A1, A2 , * * * , An are held fixed while the Steiner points are free to move. The equilibrium position is a relatively minimal tree.
Courant and Robbins [1, p. 392] give another interpretation involving a soap film between parallel plane plates separated by posts at A1 , * * * , An.
Since the film can change its topology by splitting (as defined in ?2), the equilibrium tree is a Steiner tree. Steinhaus [16, p. 119] anid Palermo [131 also give mechanical models.
3.2. Angles in a Steiner tree. In a Steiner tree no pair of lines meet at less than 120?. For suppose, on the contrary, that lines PR and RQ meet with angle PRQ = 0 < 1200. In the mechanical interpretation (?3.1) these two lines pull on point R with a resultant force of magnitude F = 2 cos 0/2 > 1. Now consider the effect of splitting vertex R. One adds a Steiner point S at R and replaces lines PR and RQ by PS, QS, and RS. The unit force of RS is inadequate to hold S at R against the combined force F exerted by QS and RS. Thus S is pulled away from R and one obtains a perturbed configuration with lower potential and shorter length, a contradiction.
3.3. Lines at a vertex. Because of ?3.2 no vertex of a Steiner tree can have more than three lines. Consequently, we henceforth forbid vertices with four or more lines (such as the Steiner point mentioned at the beginning of ?1). Thus every Steiner point of a Steiner tree has exactly three lines meeting at 1200.
At a Steiner point of a relatively minimal tree the three lines also meet at 1200. For in the mechanical interpretation (?3.2), the three unit force vectors acting at S can add to zero only if they are 1200 apart.
Lines at A1, * * , A. may meet at less than 120? in a relatively minimal tree. A relatively minimal tree is a Steiner tree if and only if all of its angles are 1200 or more.
3.4. Number of Steiner points. Every tree has one more point than it has lines. A tree with given points A1 , * * -, A. and s Steiner points must have n + s -1 lines. Since each line has two ends, one obtains 2(n + s -1) by summing, over all vertices, the number of incident lines. If nk of the vertices Ai have k incident lines (n4 = n5= = 0 for a Steiner tree), the sum in question is 3s + E knk = 2(n + s -1) = 2s -2 + 2Z nk. Here any convenient origin may be used in measuring the position vectors Ai.
To prove (1) draw a unit force vector fk pointing outward from each endpoint Pk of each line. Since there are n + s -1 lines, there are 2(n + s -1) vectors to draw. Now consider a sum of dot products defined by I = 5E Pk,fk where the sum extends over all 2(n + s -1) endpoints. The terms of I may be grouped in two ways. First combine terms for which Pk is the same point. Each Steiner point appears in three of the terms of 2. The contribution of a Steiner point S to 2 is zero because the three forces at S are in equilibrium. The contribution of a given point Ai to I is A i F .
Then z is the right-hand side of (1). The second grouping combines the two terms associated with the two ends of each line. If PIP2 is a line with length L12, then P2 = P1 + LA2u, where u is a unit vector. The terms for this line contribute P1 (-u) + P2-U = L12 . Then z is also the left-hand side of (1).
The expression (1) for L is a special case of a theorem of J. C. Maxwell [10] , [11] . J. D. Foulkes in an unpublished report seems to have been the first to recognize the connection between Maxwell's theorem and minimizing networks. Maxwell's application was to determine the minimum weight truss, made from piii-jointed rigid rods, holding a prescribed system of external forces F1, ***, Fn in equilibrium. In our application (1) Moving along any path through a full Steiner tree, one changes direction at Steiner points, but only by ?t600. It follows that each of the Fk in (2) is one of the 6 complex numbers ?1l, 4?W, 4w2 (w = exp(i2ir/3)) if the tree is full and if the coordinate system is rotated suitably.
Every Steiner tree which is not full can be decomposed into a union of full Steiner trees as follows. Replace each vertex Ai having k > 2 lines by k new vertices A i, * * * , Aik all located at Ai (but regarded as disconnected from one anothei). Connect each of the k lines which weie incident at A to a different one of A I ... , Aik . In this way the original tree is dissected into several smaller full trees which we call the full components of the original tree. Conversely, when the specified topology is not full, one can obtain the topologies of the full component:,. One may then try to construct the full components separately, afterward joining them together to produce the desired Steiner tree. The uniqueness will follow from a convexity property. Let T, T', and T" be three trees with the given topology and having vertices Vi, Vi', and Vi" = pTi + qVi', where p _ 0, q > 0, and p + q = 1. Let the lengths of these trees be called L, L', and L". Then L" = E aijl p(Vi -Vj) + q(Vi' -Vj') l ? E aj{pl Vi -Vj I + ql Vi' -Vj' 1, L" < pL + qL'.
All relative minima have the same length. For suppose, on the contrary, that trees T and T' are both relative minima although L' < L. Trees T" with small p come arbitrarily close to T and have L" < L. Then T is not a relative minimum, a contradiction.
The proof that only one relative minimum exists now proceeds by induction on s. The case s = 0 is trivial because the given topology specifies all connections and so there is only one tree. If there is always a unique relative minimum for problems with s -1 Steiner points, consider a case with s Steiner points. If T and T' are two relative minima, they have the same length. For all (p, q) the intermediate trees T" have this same length and so are relative minima. At least one pair of vertices (Ai , A j) has a common Steiner point. Let this point be called S in T, S' in T' and S" = pS + qS' in T". As p varies from 0 to 1, S" moves on a straight line fron S to S'. But since T" is a relative minimum, angle A iS"A j must be 1200. Then S" must move on a 120? circular arc AiSS'A, from S to S'. These two loci agree only if S = S'. In that case T, T', and T" are relative minima for a problem with s -1 Steiner points in which S is prescribed as a new vertex A,+,. Now the induction hypothesis shows that this problem has a unique solution, and hence T = T'. The Steiner minimal tree is then just the minimal tree, consisting of AB and BC in this case.
If O < 1200, ?3.2 shows that the Steiner minimal tree has a Steiner point S. S lies inside A on a 1200 arc with chord AB and also on another 1200 arc through BC. These two arcs intersect at B and S; being arcs of circles they have no other intersections. Thus S can be found by constructing circles. Figure 2 shows an even simpler construction. Let AB'C denote the equilateral triangle exterior to A erected on the side AC. The 1200 arc with chord AC is part of the circle circumscribing AB'C. Coxeter [2] shows that the Steiner point S, if it exists, lies on the line segment BB'. Thus S can be found as the intersection of BB' with the 120? arc AC. Moreover Coxeter shows, when S exists, that the length of the Steiner minimal tree is I BB' 1. In his statement of these results he assumes that all angles of A are acute; however his proof applies as long as no angle exceeds 120?. In the nondegenerate case one might also construct the other exterior equilateral triangles A'BC and ABC' and their circumscribing circles. The discovery that the three circles intersect at a common point (S) has been attributed to Napoleon (see Coxeter [2, p. 23]).
6. General case. Suppose that vertices A1, * **, A,, are given together with s Steiner points and a topology. The relatively minimal tree (if any) is found by an induction on s in which the construction of ?5 is used several times to locate Steiner points. Since the construction of a tree with s = 0 is trivial, we shall consider a case s ? 1 and show that it can be reduced to drawing one or more trees with fewer Steiner points.
The first step is to find a Steiner point S which the topology connects to two vertices Ai, Ai. Such an S exists. For consider any full component (cf. ?3.7) with s' > 1 Steiner points and n' given points. Each of the given points has only one line and it leads to a Steiner point. Since n' = s' + 2, at least one Steiner point S must connect to two given points (there are two or more such Steiner points if s' > 2).
Let Ai, Aj and B denote the three points connected to S. If B is a point Ak, the construction of ?5 either locates S or decides that there is no solution. Suppose an S is located. If S and the lines A iS, A 3S, AkS were deleted from the relatively minimal tree, the result would be three separate relatively minimal trees, each contiining one of Ai, Ai, Ak . Each tree con-tains fewer than s Steiner points and so can be constructed by the inductive procedure.
If B is a Steiner point, its location is not known. Nevertheless, the construction of Fig The relatively minimal tree in each of these simpler problems has the same length as the desired relatively minimal tree. Thus, when the problem has been simplified so far that the solution is evident, the length is known immediately. For example, if the original tree is a full tree, so is each of the simpler trees; ultimately one reaches the situation shown in Fig. 2 , and the length in that figure is IB'B I.
If there are s Steiner points, each of which might be in one of two places, it seems as though one must draw about 28 trees to find the relatively minimal tree. In most hand computations the situation is not that bad because one can generally guess the correct choice for each B'. If the guesses are indeed correct and a relatively minimal tree is found, the uniqueness result of ?4 shows that one need not try the other possibilities. When the computation is done by machine, it is harder to make good guesses. Some of the results of ?8 may help.
7. Enumerations. To find a Steiner minimal tree by exhausting all possible relatively minimal trees one needs a way of listing the topologies. Steiner trees have at most three lines incident at each vertex Ak ; indeed even three lines can meet at Ak only by the rarest accident. For that reason this section will be concerned mainly with topologies in which each Ak has only one line or two. These topologies can be listed by an inductive procedure.
When counting or listing topologies the Steiner poinits are considered to be unlabeled; e.g., the tree of Full topologies (with n = s + 2) have an important role in the enumeration. Every topology has an underlying full topology, obtained as follows. According to ?3.4, s + 2 of the Ak have one line and n -s -2 have two lines. Remove these n -s -2 vertices one at a time, merging the two lines at each removed vertex into a single line. The final result is a full tree for the remaining vertices.
If there are f(s) full topologies for trees with s Steiner points and F(n, s) topologies for trees which have n vertices Ak and s Steiner points, the F(n,s) topologies can be obtained from the f(s) topologies as follows. First pick a subset of s + 2 of A1, * * *, An to serve as vertices of a full topology, Then the underlying full topology is drawn in one of ( + 2) f(s) ways 
F(n, s) = 2 (s n (n + s-2) !Is!.
The formula for f(s) can also be obtained from a generating function of J. Riordan [15] which enumerates labeled trees by degrees. Table 1 gives some of these numbers. As one might expect, the numbers *When they apply, these properties severely restrict the topology of the Steiner minimal tree. In particular, if X is one of A1 , --*, An, the Steiner minimal tree may be found simply by drawing two Steiner minimal trees, one for vertices in R1 and another for vertices in R2. These two trees connect at X to form the desired tree.
We prove the first result by contradiction. If X is not one of A1, **, An, X is not a Steiner point either; otherwise one of the three lines at X leads to a vertex outside R1 U R2. Suppose the Steiner minimal tree has more than one line joining R1 to R2. Let P1P2 be one such line with P1 in R1 and P2 in R2 . Either there is another path from P1 to R2 or another path from P2 to R1; suppose the former case. Let the other path from P1 to R2 end with a line Q1Q2 with Q, in R1 and Q2 in R2 (Ql may equal P1 but Q2 z P2 and none of P1, P2, Ql, Q2 is X). One can derive two new trees from the Steiner minimal tree by adding a line P2Q2 and removing one of P1P2 or Q1Q2. To obtain a contradiction we shall show that one of these new trees is shorter than the Steiner minimal tree.
Since angle P2XQ2 is less than 600, the law of sines shows that P2Q2 cannot be the largest side of the triangle P2XQ2. If, for instance, | P2Q2 I _ I XP2 1, then the new tree which provides the contradiction will be the one with P1P2 removed. For X is closer to P2 than any other point of R1;
in particular,
The second result has a similar proof by contradiction. Suppose X is Ak and suppose the Steiner minimal tree contains a line P1P2 with P1 in R1, P2 in R2, and neither P1 nor P2 equal to X. Remove P1P2. The tree breaks into two components, one of which contains X. This component must contain either P1 or P2 . If it contains P1, add a line XP2 to get a new tree.
Again I XP2 I < J P1P2 I and the new tree is shorter than the Steiner minimal tree, a contradiction. To prove this result let Pi and P2 be the two points which lie on the two lines to Si at distance Lo away from Si. Likewise, let P3 and P4 be two points lying at distance Lo from S2 on its two lines. The points Pi , P2, P3, P4 lie at the corners of a rectangle, and the part of the tree which connects Pl, P2, P3, P4 together has the appearance of 8.5. LinesAiAj . Since a minimal tree for A1 X , A. is easy to construct, it is natural to ask if drawing a minimal tree M first can help in finding the Steiner minimal tree. We show now that, if the Steiner minimal tree is to have any lines of the form AiA1 (i.e., if the tree is not full), then each of these lines must also be lines of the minimal tree2 M.
Suppose A1A2 is a line in the Steiner minimal tree. The vertices A1 a** AX, together with all the Steiner points, fall into two classes Ci, C2. CN contains all vertices which can be reached from A1 via a path which does not contain A2 . C2 contains the remaining vertices; they may be reached from A2 via a path not containing A1. No pair of points Pl, P2 with Pi in Ci, i = 1, 2, are closer together than A, and A2. For if a closer pair Pl, P2 existed, the Steiner minimal tree could be shortened by replacing the line A1A2 by P1P2 . Now consider the steps given by Prim [14] for drawing the minimal tree M. The algorithm starts at any point, say A1i and adds lines one at a time to form a tree which ultimately grows to become the minimal tree. At each step the added line is the (or one of the) shoitest possible. At some step the added line must go to a point of C2 . Since A1A2 is a shortest line between Cl and C2, A1A2 may be taken as the added line.
This result rules out all topologies in which an incorrect line AiAj ap-
pears. An even stronger result, which unfortunately is not true, would state that the minimal tree consists of A1A2 and the two minimal trees for the vertices in C0 and the vertices in 02. Figure 4 shows a counterexample. 1200 and with AB as longest diagonal. If one draws diamonds about each line of a minimal (e.g., Steiner minimal) tree, one will find that no two diamonds intersect. Before proving this result we mention one of its consequences. Suppose the n points of a minimal tree are known only to lie in a certain region R. Let U be the union of all diamonds D(P, Q) with P and Q both points of R. because of Schwarz's inequality.
For example, if A1, X * * , An lie in a unit circle, the minimal tree (and hence the Steiner minimal tree) has length less than 3.81 (n -1)1/2. This result may be compared with the expected length of the minimal tree obtained when A., *, , An are placed at random in the unit circle.
In [4] one of us showed that the expected length is less than about 1.25 * (n -1)1/2; experimental values lie near 1.20(n -1)1/2. The bound for a unit square is {5.464(n -1)}1/2. For n < 12 this is a slight improvement on a bound 2 + (2.8n)"12 obtained by Verblunsky [18] (his bound applies even to the minimum length path connecting A1
, An). For still another comparison consider the regular point lattice consisting of all points of the form a(iu + jv), where u, v are unit vectors 600 apart, a is some positive number, and i, j range over all integer values. Take Al, A2, * * to be all the lattice points lying in the unit circle. When a is small, the number of lattice points is n = 2wx(3)-12a-2 approximately and the length of the minimal tree is (n -1)a --{2irn/312}
1.90 n"2.
We conjecture, but cannot prove, that this length is asymptotic for large n to the length of the longest minimal tree having n vertices, all in the unit circle.
The diamond property is a best possible result in the sense that the 600 angles cannot be increased. To see this note that two lines can meet at 600 (as in the case that A1, A2, A3 are located at corners of an equilateral triangle). Then two diamonds can have a side in conunon.
In the proof of the diamond property which follows we use several major The region I of Fig. 6 may not be the entire deciding region but it cannot be much different. Figure 7 shows a construction to prove that any point P for which angle APC is less than 1200 cannot be a deciding point. Such points P lie outside the region bounded by the two 1200 arcs through A and C. For any such P one can find a possible Steiner point S which lies closer to both A and to C than does P. 
an inequality which is satisfied only by k = 0, 1, 2, 3. Sections 3.5 and 3.6 do not generalize to arbitrary Riemannian spaces, but ?3.5 and (1) Steiner trees on the surface of a sphere have some interest in connection with networks which join together a widespread set of cities. Even the case of three cities located at corners of an equilateral spherical triangle offers some complication. If the triangle is small, the Steiner minimal tree will have a Steiner point, as in the plane. However note that, unlike the situation of ?4, there is now a second relatively minimal tree with the same topology. Its Steiner point is at the diametrically opposite point on the sphere. If the triangle is large enough (cities 1090 28' or more apart), then the angles of the triangle are all larger than 1200, so a tree with just two lines and no Steiner point is another Steiner tree to consider. This tree is the Steiner minimal tree if the cities are more than 114? 41' apart.
The angle 1090 28' is just the angle of the great circle arcs between pairs of vertices of a regular tetrahedron. Since these arcs meet at 1200, a Steiner tree for the four vertices of a tetrahedron can be drawn using three of these arcs. However, such a Steiner tree will contain two arcs belonging to the same (triangular) face of the tetrahedron. A shorter Steiner tree is obtained by placing a Steiner point in the center of this face. This tree is probably a Steiner minimal tree, but that has not been proved.
The construction of ?6 does not generalize conveniently to the sphere. The locus of points S such that / ASB = 1200 is no longer a circle.
10. The ?86603 ... conjecture. The length of a minimal tree is an easily computed upper bound on the length of the Steiner minimal tree. To get a lower bound consider, for each set of given points A1, A2, .. * , the ratio Ls/LM of the length of the Steiner minimal tree to the length of the minimal tree. Let p be the least upper bound of this ratio as the given points range over all possibilities. If we knew p, then pLM would be a convenient lower bound for Ls. We shall find that p _ 2. Actual experience with drawing trees in the plane strongly suggests the result p = 31/2/2 = .86603 * * * , which we conjecture but do not prove. E. F. Moore gave us the following proof that p > 2. If a Steiner minimal tree has length Ls, one can find a traveling salesman tour of As, A2, * of length 2Ls. To obtain the tour consider the graph G obtained by replacing each line of the Steiner minimal tree by two lines in parallel. Since an even number of lines are incident at every vertex of G, G has an Euler line. The Euler line has length 2Ls and is a traveling salesman tour of A1, *., A,n. Then 2Ls ? LT, the length of the minimal traveling salesman tour. Any line of the minimal traveling salesman tour may be deleted to obtain a tree (without Steiner points). Then the minimal tree has length LM < LT ? 2LS.
This argument does not depend on properties of the Euclidean plane and, in fact, applies even to arbitrary metric spaces. One can achieve savings approaching 50% if the space is peculiar enough. For example, let points In the Euclidean plane no set of points Al, A. is known for which Ls/LM < 3112/2 even when n > 3. Thus we conjecture p = 31/2/. To prove this conjecture it would suffice to show that LS/LM > 31 /2 for all full Steiner trees. For, if a Steiner tree is not full, it may be decomposed into full components as in ?3.7. Let ai be the length of the ith full component and let Aii be the length of the minimal tree for the same set of given vertices. The union of the separate minimal trees is a tree (perhaps not minimal) for all of A1, A2, ... and having length Al E(Ls/LM) > 1 -P(2ir/3) +J cos (r/3 -0/2) dP(0), where P(0) is the cumulative probability distribution function for 0. A simple random way to choose A1, A2, A3 is to place these vertices independently on the circumference of a circle using a constant probability density for each vertex. If a i is the angle at vertex At in the triangle A A2A3, the triple (al , a2, a3) is uniformly distributed over the set 0 ?< a , 0 Another random process picks six independent random numbers from a common Gaussian distribution to serve as Cartesian coordinates of A1, A2, A3 After a long derivation, which we omit, one obtains the probability density function for 7r/2 < ? < 7r. The vertex at the largest angle of the triangle A1A2A3 must lie in the lune about the opposite side. This observation suggests a third random process in which one places a single vertex A3 at random with constant probability density in the lune about a given line A1A2. 
